(1) f is a continuously differentiable map .
(2) q(f) is finite . Suppose Q(f) is fihite, then the orbit of any x e sa(f) is finite . This implies that x is eventually periodic (i .e . some point in the orbit of x is periodic) but does not imply that x is periodic . It is possible for some f e C 0 (S 1 , S 1 ) to have points x e P(f) which are eventually periodic but not periodic . In the proof of Theorem B, we show that this cannot happen when Q(f)
is finite .
We also note that for f e C 0 (S 1 , S 1 ), 2(f) may not be the closure of the set of periodic points of f . See [2] for an example :
An example was given, by Block in [6], of a continuous map f, of a compact, connected, metrizable, one-dimensional space, for which 2(f) consists of exactly two points, one of which is not.
periodic .
We conclude this section with the following theorem .
THEOREM E (proved by Block in [4] )
. Let m and n be integers m >,1, n >,O . There is a map f e CO (S1 ,S1 ) such that P(f) = {m,2m,4m,, 2 nm} .
In fact, Block proved that there is a Morse-Smale endomorphism f of the circle with P(f) = {m,2m,4m_ . .,2 n m} for any integers m, 1 and n , 0 . §2 . Preliminary def initions and results Let X be a topological space, and C O (X,X) denote the set of continuous maps of X into itself . For any positive integer n, we define j~' inductively by f 1 = f and f n = f°f n-1 . Let ,? denote the identity map .
Let p e X . A point p is cal led a fixed point of f if f (p) = p .
Let Fix(f) denote the set of fixed points of f . We say p is a periodic point of f, if p is a fixed point of f n for some positive integer n . Let Per(f) denote the set of periodic points of f . If p is a periodic point of f, the smallest positive n with f n (p) = p is called the period of p . Let P(f) denote the set of positive integers which occur as the period of some periodic point of'f .
For any p e X we define the orbit of p by orb(p) ={fn (p) : n= 0,1,2, . . . } . The orbit of any periodic póint will be called a periodic orbit . We say a point p e X is eventually periodic if orb(p) is finite (or equivalently if some element of orb(p) is periodic) .
A point p e X is said to be mandering if for some neighborhood V of p, f n (V)n V = 0 for all n > 0 . The set of points which are not wandering is called the nonwandering set and is denoted 2(f) .
Let X be a compact topological space . For f e C 0 (X,X) let ent(f) denote the topological entropy of f (see [1] for a definition) . Let X denote an arbitrary interval of the real line . Let f e C~(X,X) (respectively f e C 0 (S 1 ,S 1 )) and let p be a periodic point of f . We define the unstabZe manifold k?"t (p,f) and one-sided unstabZe manifolds O(p,f,+) and O(p,f,-) as follows . Let x e W ú (p,f)
if for every neighborhood V of p, x e f n (V) for some positive integer n . Let x e W u (p,f,+) if for every closed interval (respectively arc) K with left endpoint p, x e f n (K) for some positive integer n .
Let x e W u (p,f,-) if for every closed interval (respectively arc)
K with right endpoint p, x e f n (K) for some positive integer n .
In Lemma 1, we compile some properties of the unstable manifold .
See [6] for proofs . Although proofs are given for a mapping of a closed interval, they can easily be modified to a mapping of the circle or to a mapping of an arbitrary interval . LEMMA 1 . Let X be either an arbitrary interval of the real line or the circle, and let f e C0 (X,X) . Lét p e Per(f) .
ii) P1' (p, f) = AA~' (p, f, +) U kP (P, f, -) .
iii) If p 1 = p and orb(p) = {P1, . . .,Pn } , then Froof. Let x e Wu (pi,fn ) . We shall show that f(x) e Wu (p J . ,f n ) .
To prove this, let V be any neighborhood of pj . There is a neighborhood 1,1 of p i , with f(W)cV . Now for some m > 0, x e fnm (14) .
Hence f(x) e f(f nm (W)) =f nm (f(W))e fnm (V) . Since V was arbitrary, f(x) e Wu (p j ,f n ) . This proves that f(Wu (pi,fn ))cl.lu (pj,fn ) .
By renumbering we may assume that f(pi) = pi+1 for i= 1, . . .,n-1 and f(pn )= p 1 . Therefore
By iv) of Lemma 1, we have that f n (W u (P 1 ,f n )) = Wu (P 1 ,f n ) . Hence
The following Lemma is a simple consequence of Bolzano's Theorem .
LEMMA 3 . Let f e CC (IR,R) . If K is a closed interval. such that K c f(K), then f has a fixed point in K .
Let f e C O (S 1 ,S 1 ) and let X be a subset of S 1 . Let S1 =1R / Z and let p : IR --" S1 be the natural projection . Since p is a covering map, if g is the restriction of f to X there exists a continuous map g : X -IR such that g = pog . From now on for a given continuous map g : X -} S 1 , g: X -62 will denote the continuous map such that g =p-g .
The following lemma follows immediately from Lemma 3 .
LEMMA 4 . Let f e C 0 (S 1,S 1 ) and suppose Kc S1 is a closed are such that either K c f(K) and f(K) ? SI or K c ?(K) . Since 1 = R /Z , we may assume K c (0,1 LEMMA 6 . Let X be an arbitrary interval of the real Zine, and let f e C O (X,X) . Suppose Per(f) is finite, and p e Fix(f) .
If x e [0 (p, f) and f(x) = p, then x = p .
By a partition of S 1 , we mean a finite set of points of S 1 , {xl, . . .,xn} such that for i= 1, . . .,n-1, (xi,xi+1)!1{xl, . . .,xn} =p . By renumbering, we may assume that {pl, . . .,pn) is a partition of S 1 . By i) of Lemma 1, either p2 e Wu (p l ,fn ) or p n e W u (p l ,f n ) .
Without loss of generality we can suppose that p2 e W u (p l ,f n ) .
Therefore J is a closed arc . By iv) of Lemma 1, fn (J) =J .
Let g be the restriction of f n to J. Then W u (p i ,fn ) = Wu(pi,g), for i=1,2 . Of course, either p l e W u (P2,9) or p3 e Wu (P2,9)
Suppose p 1 e W u (P2,9) . By Lemma 5, P2 e W u (P 1 ,9>+) and p 1 e Wu(P2,9,-)-Since [pl,p2]e W u (P1,g), it follows from Lemma 6, that for all x e (P1,P2), g(x) belongs to some arc of the form (p 1 ,y) . Because P2 e Wu(P1,9,+), for some x e (P1,p2), 9(x)=P2 . Let z= inf{x e_(P 1 ,P2) : By Lemma 4, 9 has a periodic point in [a,z] . Since a was an arbitrary point with a e (p 1 ,z), g has infinitely many periodic points . This is a contradiction, and so p 1 ¢ Wu (P 2 ,9) . Hence p3 e W u (P2,g) .
That is, p3 e-Wu(P2,fn) . Proof. Suppose x 14 u (pi,fn ) and x 0 W u (p j ,f n ) . By v) of Lemma 1, x 0 W,(Pi,fn) hecause x 0 Per(f) . Therefore W u (p i ,f n ) # S1 .
By Lemma 2, W u (Pk,f n )~S 1 for k=l, . . .,n . Since W U (P 1 ,f) = S1, by iii) of Lemma 1, x e Wu (Pk,f n ) for some k e {1, . . .,n} -{i,j} .
Let J= W u (P k ,f n ) . By iv) of Lemma 1, fn (J) = J . Let g be the restriction of f n to J . -Then Wu( .Pk,fn) = W u (pk,9) . By Lemma 5, either x e W u (Pk,g,+) or x e Wu(Pk,g,-) . Without loss of generality we may assume that x e Wu(Pk,g,+)=Wu(Pk,fn,+) .
Then p i e Wu(Pk,fn,+) .
Let m be the number of elements of the periodic orbit {pl, . . .,Pn} contained in Wu (P k ,f n ) . By Lemma 2, Wu (pi,fn )
contains the same number of elements of {P l " ." P n } . Then, by i) of Lemma 1, pk e W u (p i ,f n ) because x 0 IJ u (p i ,f n ) . Therefore ii) Per (f)=Per(f) .
iii) 2 (f) = s2(fm) . Proof. For any X c S1, let Int(X) denote the interior of X .
We shall show pk 0 Int(f([pi,pj])), for k= 1, . . .,n . If this is not the case then one of the following holds .
(1) There is a point x e (p i ,p j ) with f(x)= pk (for some k e {1, . . . Suppose (1) 1s true . We separate the Proof into three cases . In The proof is similar if x e Int(W u (p i ,f n ,-)) . Otherwise x 0 Int(Wu (p i ,fn ,+)) and x 0 Int(W u (pi,f n ,-)) . From the definition of the one-sided unstable manifold we have that f n (W u (pi,f n ,+))c W u (pi,f n ,+) and f n (W u (pi,f n , -))c Wu(pi,fn,-) . and (pi,pj)n orb(p) =0 . By Theorem 15, for every f' j there is an integer n(ij), 0 such that P(fmj)={1,2,4, . . .,2n(ij)} . Let n be the greatest element of {n(ij)} . Then P(f) = {m,2m,4m,, 2 n m} .
Case 3. For every periodic point p of f we have that W, (p,f)~S1 .
Let g e C O (S 1 ,S 1 ) and let X be a subset of S 1 such that If f(S 1 )~S 1 , let J = f(S 1 ) . Then P(f) =P(f1J) . By Theorem 15, there is an integer n>,0 such that P(f1J) ={1,2,4 2 n } . Hence, the theorem is proved . Therefore, we shall assume that f(S 1 ) =S 1 . Proof . Suppose x e Q(f) and x 0 Per(f) . By vi) of Lemma 1, for some periodic point p l , there exists z e W u (pl,f) such that f(z) =p, and z is not periodic . Let n be the period of pl and let orb(p l ) = {P l`. ,pn } . By iii) of Lemma 1, z e W u (Pk,f n ) for some k e {1, . . .,n} . Note that f n (z) e (P l " ."p n } and (by iv)
of Lemma 1) f n (z) e W u (Pk,f n ) . We separate the proof into two cases .
Case 1 . pl is a periodic point with period n>,2 .
Then, by Theorem 7, fn(z)= pk . Let J =W u (P k ,f n ) . By iv) of Lemma 1, fn (J)= J . Let g be the restriction of f n to J . Then z e W u (Pk,f n ) =Wu (P k ,g), and g(z) =pk . By Lemma 6, z = P k . This is a contradiction, because z is not periodic .
Case 2 . pl is a fixed point .
Then n =l, and f(z)=p, The proof is identic to the above case . Q .E .D . THEOREM D . Let f e CO (S1,S 1 ) . Suppose Per(f) = Fix(f) = {p 1" ",pr } . Then S2 (f) =Fix(f) .
Proof. We separate the proof into two cases . Case 1 . There is a fixed point p of f with W u (p,f) =S 1 .
By the same argument used in the proof of case 3 of Lemma 19 and by Theorem 20, we have that P(f) = Fix(f) . Let f be a continuous map of a compact topological space and Zet n be a positive integer . Then ent(fn) = n-ent(f) .
LEMMA 22 (proved by Bowen [7] ) . Let f be a continuous map of a conrpact metric space and suppose S2(f) is finite . Then ent(f) = 0 . Now, the proof of Theorem C is identical to the proof of Theorem A of [51 . We include it here by its brevity .
THEOREM C . Let f e CO (S 1,S 1) and suppose Per(f) is finite .
Then ent(f) = 0 .
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Proof. Let n be the product of the periods of al] the periodic points of f . Then Per(f n ) = Fix(f n ) . By Theorem D, 2(fn ) = Per(fn) .
In particular, 2(fn ) is finite . Hence ent(f n ) = 0, by Lema 22 .
Thus, by Lemma 1, ent(f) = 0 . Q .E .D .
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